The paper deals with a dynamical system
where u = u f (x, t) is a solution (wave), f ∈ F := L 2 [0, ∞); L 2 S 2 is a control. For the reachable sets U ξ := {u f (·, −ξ) | f ∈ F} (ξ 0), the embedding U ξ ⊂ H ξ := {y ∈ L 2 (R 3 ) | y| |x|<ξ = 0} holds, whereas the subspaces D ξ := H ξ ⊖ U ξ of unreachable (unobservable) states are nonzero for ξ > 0. There was a conjecture motivated by some geometrical optics arguments that the elements of D ξ are C ∞ -smooth with respect to |x|. We provide rather unexpected counterexamples of h ∈ D ξ with sing supp h ⊂ {x ∈ R 3 | |x| = ξ 0 > ξ}.
Introduction Local control problem
A dynamical system, which we deal with, is u tt − ∆u = 0, (x, t) ∈ R 3 × (−∞, 0) (1.1) u | |x|<−t = 0, t < 0 (1.2) lim s→∞ su((s + τ )ω, −s) = f (τ, ω),
where u = u f (x, t) is a solution (wave), f ∈ F := L 2 ([0, ∞); L 2 (S 2 )) is a control. The system describes propagation of incoming spherical waves initiated by "infinitely far sources" (controls). The relevant control problem is: given y ∈ H := L 2 (R 3 ) to find f ∈ F obeying u f (·, 0) = y. With regard to hyperbolicity of the system, this problem can be specified as follows.
Let F ξ := {f ∈ F | supp f ⊂ [ξ, ∞)} (ξ 0) be the subspace of delayed controls (ξ is the value of delay, F 0 ≡ F ). With the system one associates a family of reachable sets
Denote H ξ := {y ∈ L 2 (R 3 ) | y |x|<ξ = 0}, H 0 ≡ H. The waves, which are governed by the wave equation (1.3), propagate with velocity 1. At the moment t = 0, the incoming waves produced by delayed controls f ∈ F ξ fill up the part Ω ξ := {x ∈ R 3 | |x| > ξ} of the space (see (1.2) ). Therefore, the embedding
holds. The latter motivates the following setup of the local control problem (LCP): given y ∈ H ξ to find f ∈ F ξ obeying u f (·, 0) = y. To study its solvability is to clarify the character of the embedding (1.4). In particular, the question is whether the delayed waves constitute an L 2 -complete system in H ξ .
Results
For ξ = 0, the Lax-Phillips theory [9] provides U 0 = H (see also [3] ). In the mean time, as was first found out in [3] , for ξ > 0 the embedding (1.4) is not dense: 5) i.e., a lack of local controllability does occur. Elements of D ξ are interpreted as locally unreachable/unobservable states of system (1.1)-(1.3). Some of their properties are studied in [3] - [5] 2 . The subject of the paper is a smoothness of unobservable states. In sec 3, we provide the arguments connected with propagation of singularities (geometrical optics), which motivated our starting conjecture: elements of D ξ should be smooth at least with respect to the radial variable r = |x|. Surprisingly, it turns out to be wrong: we construct a counterexample of h ∈ D ξ such that sing supp h = {x ∈ R 3 | |x| = ξ 0 > ξ}. It is this construction, which is our main result.
Comments
• In sec 2, we discuss an LCP for a bounded domain (a ball). The goal is to emphasize the principal difference: in a ball, for the straightforward analog of system (1.1)-(1.3) one has D ξ = {0}, i.e. the local controllability does hold 3 . In the mean time, system (1.1)-(1.3) in the space (and the LCP for it) is a relevant limit case of the system in a ball. So, a notable effect occurs: propagating from infinity, the waves lose completeness in the filled domains.
• Local completeness of waves produced by boundary controls plays a crucial role in the boundary control method, which is an approach to inverse problems based on their relations to control theory [2] . Planning to apply the BC-method to the dynamical inverse scattering problem for the acoustical equation u tt − ∆u + qu = 0 in R 3 , we have to bear in mind (1.5) as a fact, which complicates such an application. It is the reason, which motivates our interest to unobservable states.
• The work is supported by the grants RFBR 11-01-00407A and SPbGU 11.38.63.2012, 6.38.670.2013.
Problem in a ball
System α T Denote B s := {x ∈ R 3 | |x| < s}, Γ s := {x ∈ R 3 | |x| = s}; fix a positive T . Here we deal with a dynamical system α T of the form
3)
The following is the standard control theory attributes of the system.
• The outer space is F T . It contains the subspaces
, which consist of the delayed controls, ξ being the delay, T − ξ the action time.
• The inner space of states H T := L 2 (B T ) contains the subspaces
. This operator is bounded [8] .
Local controllability
The waves governed by equation (2.1) propagate in B T with velocity 1. Delay of control implies the same delay of wave. As a result, one has 4) so that at the final moment the delayed waves fill up the near-boundary layer of the thickness T − ξ.
Introduce the reachable sets
By (2.4), the embedding U T,ξ ⊂ H T,ξ holds. The well-known fact is that this embedding is dense:
(the closure in H T ). It is derived from the fundamental Holmgren-John uniqueness theorem (see, e.g., [9] , Chaper IV, Theorem 1.5) by the scheme originated by D.Russell in [10] .
Thus, the waves do constitute complete systems in the filled domains Ω T,ξ , i.e., system α T is locally controllable from the boundary. In addition, note that for ξ < T one has H T,ξ \U T,ξ = ∅, so that the reachable set is dense in the subspace H T,ξ but does not exhaust it [1] . Therefore, one should speak about approximate local boundary controllability.
where y ∈ H T and v = v y (x, t) is a solution. With this system one associates an observation operator
where ( ) r := ∂ ∂|x| . Integration by parts leads to the relation
which motivates the term 'dual'. Elements of Ker O T are said to be unobservable. Since
there are no unobservable elements in the dual system.
Propagation of singularities in α T * Now, fix a positive ξ 0 < T . In (2.7), let us take y ∈ H T provided supp y ⊂ B T (so that y vanishes near Γ T = ∂B T ), y ∈ C ∞ (B T \Γ ξ 0 ), and
By standard propagation of singularity arguments (see, e.g., [6] ), the latter yields
where
are the characteristic cones (Fig 1a) . The cone C T,ξ 0 1 supports the singu- . As a result, for the trace of the radial derivative v y r at the boundary (as a function on Γ T × (0, T )) one has
So, any 'spherical' singularity (2.10) manifests itself at the boundary at the proper moment t = ξ 0 . As example, consider y with a radial jump. Denote r = |x|, ω =
so that x = rω and Γ
with a nonzero α ∈ C ∞ (S 2 ). Then, v 
(see, e.g., [7] , Chapter 3). As a result, the trace of v y r on the boundary turns out to be discontinuous at t = ξ 0 , and quite standard technique [7] provides
The latter is equivalent to
, its value being taken at the point
T . This jump is observable in any time interval [ξ, T ] as ξ < ξ 0 .
Problem in R 3
System α Here we deal with the system α of the form
where u = u f (x, t) is a solution (wave); f is a control, which we regard as an
holds, wheref is extension of f from [0, ∞) to (−∞, ∞) by zero, ( ) τ := ∂ ∂τ , " · " is the standard inner product in R 3 , and dσ is the surface element on S 2 (see, e.g., [9] ).
The following is the control theory attributes of system α.
). It contains the subspaces
The elements of F ξ are interpreted as delayed controls, ξ being the value of delay.
• The inner space of states H := L 2 (R 3 ) contains the subspaces
where Ω ξ := {x ∈ R 3 | |x| > ξ}.
• The 'input → state' correspondence is realized by a control operator W : F → H, W f := u f (·, 0). By (3.4), for available controls one has
Moreover, W is a unitary operator, [3] , [4] ), so that W * = W −1 holds (see, e.g., [9] .
System α can be regarded as a limit case of system α T 4 . However, they substantially differ in controllability properties.
In system α, a relevant analog of the reachable sets U T,ξ of α T is
Since W is a unitary operator, U ξ is a closed subspace 5 . The equality ( * * ) is easily seen from (3.2), (3.4) and corresponds to the steady-state property. Also, for a delayed f ∈ F ξ , (3.5) evidently implies u f (·, 0)| |x|<ξ = 0, i.e., supp u f (·, 0) ⊂ Ω ξ . Thus, at the final moment t = 0, the delayed waves incoming from infinity fill up the domain Ω ξ , and the embedding U ξ ⊂ H ξ holds. The question is whether they are complete in H ξ , i.e., the local controllability occurs. The answer is negative: as was found out in [3] , [4] , in contrast to (2.5), one has
In the mean time, for ξ = 0 the equality
Elements of D ξ are said to be the states unreachable for controls f ∈ F ξ . Later on, they will be also specified as unobservable in a proper sense. Their properties is the main subject of our paper. Recall some of the known facts.
For an integer l 1, denote σ(l) := max{j = 0, 1, 2, . . . | l − 2j > 0}. Introduce a class of polynomials of variable s > 0
Let Y m l be the standard spherical harmonics on S 2 :
4 Namely, let f ∈ F and f T := f | 0 t T ∈ F T , u fT the solution to (2.1)-(2.3). Then quite simple considerations provide
where Y 0 0 = const, m ∈ {−l, −l + 1, . . . , 0, . . . , l − 1, l}, and ∆ ω is the Beltrami-Laplace operator on S 2 . As is shown in [3] , [4] , the representation
is valid (recall that x = rω, r = |x|, ω = x |x| ). One more characterization is
where y(r, ω) :
Remark A lack of local controllability in system α is, in a sense, partially compensated by the following property. It can be shown that for any 0 < ξ < ξ ′ < ∞ one has
i.e., the forward parts of delayed incoming waves possess a local completeness.
System α *
The system dual to α is of the form
where y ∈ H and v = v y (x, t) is a solution. For a smooth y, by Kirchhoff, one has 
where (Ry)(τ, ω) := x·ω=τ y(x) ds x is the Radon transform: see [9] , [4] , [5] .
For any h ∈ D ξ and f ∈ F ξ , one has
By arbitrariness of f , we get Oh τ ξ = 0, so that the elements of D ξ can be specified as unobservable (at infinity) in the interval ξ τ < ∞.
Propagation of jumps in α * Fix 0 < ξ < ξ 0 . Let y ∈ H in (3.9) be such that supp y ⊂ Ω ξ (so that y ∈ H ξ ), y be C ∞ -smooth in R 3 outside the sphere Γ ξ 0 , and
with a nonzero α ∈ C ∞ (S 2 ). Thus, we have ∅ = sing supp y ⊂ Γ ξ 0 that yields 
that is the same as (2.12). So, the radial derivative v y r (·, t) has a jump at Γ ξ 0 −t , which moves (in the reversed time) to infinity. Up to the factor ξ 0 ξ 0 −t of geometric nature, its shape reproduces the shape of the initial jump (3.12) of the Cauchy data.
By the use of technique [4] (see Lemma 3) with regard to (3.13), one can derive that the limit passage (3.10) provides the relation
14)
in perfect analogy to (2.13). Thus, any jump of the Cauchy data y on a sphere propagates along the space-time rays preserving its shape, reaches the infinity, and is observed (as a jump of Oy) in the interval ξ < τ < ∞ at the moment τ = ξ 0 . Therefore, (Oy) [ξ,∞) = 0 and we can choose a control
Hence, one can claim definitely that y ∈ D ξ . In other words, no h ∈ D ξ can have a jump on a sphere because it is visible at infinity. As is easy to recognize, such a jump is also forbidden for any derivative
Conjecture and counterexample
Surely, the embedding sing supp y ⊂ Γ ξ 0 doesn't mean that the singularity of y is necessarily a jump. However, the above-considered example motivates to suggest that elements of D ξ are smooth at least with respect to |x| and, in particular, this embedding should be mutually exclusive with y ∈ D ξ . One more pro-argument is that D ξ is spanned on C ∞ -smooth polyharmonic functions: see (3.6), (3.7). So, we conjectured that any spherical singularity is visible at infinity.
The conjecture turns out to be wrong, the following is a counterexample.
The summands in (3.16) rapidly decrees as r → ∞, so that h is squaresummable in R 3 and h ∈ H 1 since supp h ⊂ Ω 1 . Moreover, as is seen from (3.6), one has h ∈ D 1 . Let us show that ∅ = sing supp h ⊂ Γ 2 holds. For the polynomial p, one has p(
(see Fig 2) . By the first property, for any fixed r = 2, the series in (3.16) Figure 2 : Polynomial p rapidly converges in L 2 (S 2 ) and h (r, ·) ∈ C ∞ (S 2 ) holds. The same can be easily checked for the derivatives:
∈ C ∞ (S 2 ), j 1. As a result, we have h ∈ C ∞ (Ω 1 \Γ 2 ). Hence, sing supp h ⊂ Γ 2 . Show that sing supp h is nonempty. Take r = 2. By (3.17), one has h(2, ω) = 1 2
so that h(2, ·) ∈ L 2 (S 2 ) by the choice of a k and orthogonality of Y l . In the mean time, applying the Beltrami-Laplace operator, we have 
Comments
An open problem is to describe admissible singularities of unobservable states belonging to D ξ . In particular, can one characterize the spherical singularities invisible at infinity? The case of a (visible) jump shows that one should use more subtle distribution characteristics than sing supp. Probably, it is a wave front. For a jump (3.12) with a positive α ∈ C ∞ (S 2 ), one has W F [y] = {γ × N γ \0 | γ ∈ Γ ξ 0 }, where 
